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Abstract: This short note is devoted to the Hamiltonian formulation of the conformal 
decomposition of the gravitational field that was performed in [gr-qc/0501092]. We also 
analyze the gauge fixed form of the theory when we fix the conformal symmetry by imposing 
the condition yfg = 1. 
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1. Introduction and Summary 

The conformal-traceless decomposition of the gravitational field was firstly performed in 
Q in its initial value problem . The conformal traceless decomposition is defined by 

Kb = <t> 4 g a b , K ab = (f)~ 2 A ab + ^g ab T , (1.1) 

where h ab is spatial physical metric and where K ab is physical extrinsic curvature. We see 
that this definition is redundant since the multiple of the fields g ab , (ft, A ab ,r give the same 
physical metric g ab and extrinsic curvature K ab . In fact, we see that the decomposition 
(|1.1|) is invariant under the conformal transformation 

g'abi^t) = ^ 4 (x,t)5ab(x,t) , (ft'(x,t) = O _1 (x,t)0(x,t) , 

< 6 (x, t) = fT 2 (x, t)A ab (x, t), r'(x, t) = r(x, t) , 

(1.2) 

where x = (x a , a = 1, 2, 3). We also see that ( |1 . 1[ ) is invariant under following transforma- 
tion 

r'(x, t) = r(x) + C(x, t) , ^(x, t) = A ab (x, t) - -C(x, t)0 6 g ab {x, t) . (1.3) 

Clearly the gauge fixing of these symmetries we can eliminate r and (ft. It is important to 
stress that in many recent applications the conformal invariance is broken by imposing the 
condition ^fg = 1. Further, the second symmetry fll.3| ) can be eliminated by imposing the 
traceless condition A ab g ab = 0. Then the variable r is the trace of the extrinsic curvature 
K = K ab h ab . In what follows we do not impose neither from these conditions. 

In this short note we perform the explicit Hamiltonian analysis of the conformal trace- 
less decomposition of the gravitational field given in ( |LlD following @. We start with 
the General Relativity action where the dynamical field is the physical metric h ab . Then 
we find corresponding Hamiltonian and then express the action in the Hamiltonian form. 

x For review and extensive list of references, see Eq|. 



- 1 - 



As the next step we introduce the conformal traceless decomposition ( |1 . 1[) into this ac- 
tion, identify the canonical variables and conjugate momenta and determine corresponding 
Hamiltonian and spatial diffeomorphism constraints. We also identify additional primary 
constraint that is a consequence of the symmetry of the theory under the transformation 
( |1.2| ). As a result we find the Hamiltonian formulation of the General Relativity action 
that has an additional two degrees of freedom (f> and its conjugate momenta together 
with an additional first class constraint. 

As the next step we proceed to the analysis of the gauge fixing of the constraint 
that generates (0). Clearly imposing the gauge = we derive the standard General 
Relativity Hamiltonian. On the other hand when we introduce the gauge fixing function 
Q : yfg — 1 = we obtain theory where the physical degrees of freedom are the traceless 
components of the momenta together with the metric components that obey yjg = 1. We 
also have the scalar and corresponding conjugate momenta that measures the scale factor of 
the metric. Finally the gauge fixing gives non-trivial Dirac brackets between these physical 
variables. 

We mean that the gauge fixed form of the theory could be very useful for the for- 
mulation of some alternative versions of the theories of gravity. In particular we mean 
that it could be useful for the formulation of the Hofava-Lifshitz theory when we impose 
additional constraint on the scalar mode as in case of Non-Relativistic Covariant Hofava- 
Lifshitz gravity @ or as in case of Lagrange multiplier modified Hofava-Lifshitz gravity 
||. It could be also useful for the formulation of the Spatially Covariant Theories of a 
Transverse, Traceless Graviton §. We hope that we proceed to the application of the 
formalism given in this paper for these specific problems in near future. 

The structure of this note is as follows. In the next section (|2|) we find the Hamilto- 
nian formalism for the conformal decomposition of gravity. We identify the primary and 
secondary constraints and calculate the Poisson brackets between them. Then in section 
(|3|) we perform the gauge fixing of the conformal symmetry and we find corresponding 
Hamiltonian and determine the Dirac brackets between phase space variables. 

2. Hamiltonian Formalism for Conformal Decomposition of the Gravita- 
tional Field 

Let us consider four dimensional action for General Relativity 

S =^J d 4 XV ^~g^R(g) , (2.1) 

where is four dimensional scalar curvature evaluated on the four dimensional metric 
g^y. As the next step we perform 3 + 1 decomposition of the metric |2|. Explicitly, we 
have following relation between four dimensional metric components g^ and corresponding 
spatial metric components h ab and the lapse N and shift functions N a 

500 = -N 2 + N a h ab N b , g 0a = N a , g ab = h ab , 

,00 _ J_ ,0a r ab _ uab ^ a N b 

9 - N 2 ' 9 ~ N 2 ' 9 N 2 ' 

(2.2) 
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Note also that 4— dimensional scalar curvature has following decomposition 

^R = K ab G abcd K cd + R, (2.3) 
where R is three-dimensional spatial curvature, K ab is extrinsic curvature defined as 

K ab = ^{d t h ab - V a N b - V b N a ) , (2.4) 

where V a is covariant derivative built from the metric components h ab . Finally we also 
ignored the boundary terms that are presented in (2.3). 

Using this formalism we derive the General Relativity action in the form 

S = 2^ / d ^ dt ^ N ^ K abQ abcd Kcd + R) , (2-5) 
where Q l i kl is de Witt metric defined as 



gabcd = 1 (ffc h bd + h ad h bc^ _ h ab h cd ^ 



with inverse 



11 1 

Gabcd = -^(Kchbd + h ad h bc ) - -habh c d , GabcdG C m " = ^(^a^b + OfT) ■ ( 2 -7) 

However for further purposes we introduce the generalized form of the de Witt metric that 
depends on the parameter A as 

gabcd = ^ h ac h bd + h ad h bc ) _ xh ab h cd g^ = l(/i M fc M + /^) _ ^^fc^ . 

This generalized de Witt metric could be useful for the possible application of given pro- 
cedure for more general theories of gravity as for example Hofava-Lifshitz gravity ||, 

In order to perform the Hamiltonian analysis of the conformal decomposition of the 
action ( |2.5| ) we firstly rewrite the action ( |2.5| ) its Hamiltonian form. To do this we introduce 
the conjugate momenta 



pab 33 1 fZnabcdTs p ^ n P n 

oo t h ab 2k z oo t N do t N a 



(2- 



Then we easily determine corresponding Hamiltonian 

H = J d 3 x(d t h ab P ab -£) = J d 3 x(NH' T + N a U' a ) , (2.10) 



where 

„2 



H' T = %P ah g abcd P cd - -^VhR , H' a = -2h ab V c ir cb . (2.11) 
Using the Hamiltonian and the corresponding canonical variables we write the action (| 



as 



S = f dtL = J dtd 3 x(P ab d t h ab -U) = J dtd 3 x(P ab d t h ab - Nn' T - N a n' a ) . (2.12) 
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Then we insert the decomposition ( LI ) into the definition of the canonical momenta P ab 



where the metric Q abcd is defined as 



P ab = ^V9(r 4 Q abcd A cd + -ct> 2 rg abcd g cd ) 



(2.13) 



labcd 



I ac bd i ad bc\ \ ab cd /-> 

{9 9 +9 9 ) - A# g , Q 



ab cd 



? abed 



-8 n abed 



(2.14) 



Note that Q abcd has the inverse 



Qabcd — -j[9ac9bd + 9ad9bc) ~ ^ _ ^ 



9ab9cd j Qabcd ~ ^ Qabcd 



Using (2.13) and (1.1) we rewrite P ab dth ab into the form 



1 



P a %K b = l^^g abcd A cd + ||/(1 - 3X)rg ab J d t g ba + 

+ (4v^ -1 W°(l - 3A) + M(i _ 3\)<p 5 r) d t <f> . 

(2.16) 

We see that it is natural to identify the expression in the parenthesis with momentum ir ab 
conjugate to g a b and conjugate to 4> respectively 



(2.15) 



7T 



ab 



-^gabed^ + _ 3X) ^ Tg ab 

A ab g ba (l - 3A) + ^(1 - 3A)0 5 r . 



Pep 



(2.17) 



Note that we do not impose the traceless condition g a bA ab = 0. However using ( |2.17| ) we 
can eliminate r and determine following primary constraint 



X D : 



47T 



ab , 



. 



(2.18) 



As we will see below this is the constraint that generates conformal transformation of the 
dynamical fields. Further, using ( |2.17 ) we find the relation between P ab and ■K ab in the 
form 2 

(2.21) 



yab 



-iab 
7T 



2 It is important to stress that we could proceed exactly as in Q and consider decomposition of the 
expression P ab d t h ab in the form 

2 1 
P ab d t h ab - —^<j)~ 1 A ab g ha (l-?,\)dt4>+-^^fgG ahcd A ab dtgcd + 



in 2 



i 2 

K 2 



(2.19) 



From (2.19) we see that it is natural to introduce an additional dynamical variable Q defined as Q — -Jg 
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Then we find that the kinetic term in the Hamiltonian constraint 1-L' T takes the form 

^P ab g abcd P cd = ^-^Tr ab Ga bcd * cd ■ (2.22) 

As the next step we introduce the decomposition ([O]) into the contribution f d 3 ^.N a % a - 
Using the relation between Levi-Civita connections evaluated with the metric components 
Kb and g ab 

Kb(h) = KM + ^(da^t + d b< p5 a - d d <t>g cd gab) (2.23) 

and also if we define n a through the relation iV a = 4> 4 n a we obtain 

J d 3 xN a n' a = J d 3 xn a UZ , 

(2.24) 

where 

-H'i = -2g ad D b ir bd + A ( / ) - 1 d a (t>g cd 7r cd , (2.25) 

where the covariant derivative D a is defined using the Levi-Civita connection T^ b (g). Ob- 
serve that with the help of the constraint £d we can write the constraint ~H!' a as 

V!' a = -29acD b TT bc + dbfot ~ ty^da^D = ~ d a <££ D (2.26) 

so that we see that it is natural to identify T~L a as an independent constraint. In fact, we 
will see that the smeared form of this constraint generates the spatial diffeomorphism. 

Finally we proceed to the spatial curvature R. Note that there is a well known relation 
between R[h] evaluated on h and R[g] evaluated on g so that we find 



^R[h] = -^R[g] + ^g ab DM. 



(2.27) 



Collecting all these results together we obtain the Hamiltonian constraint in the form 

n' T = 2 -^^g abcd ^ - g.tfR + y£M* DM (2.28) 
\jg * K K 



and identify corresponding conjugate momenta 



P* = ^Vg^ 1 W(l - 3A) + M(l - 3A)^ 5 r , 
71 = TT^VfJy A cd , P q = — (1 - 3A)0 T . 



(2.20) 



However when we introduce Q as an independent dynamical variable we should impose an additional 
primary constraint Q — yj~g — 0. On the other hand we mean that an existence of the additional primary 
constraint would make the analysis more complicated without any apparent advantages. For that reason we 
prefer the decomposition when we have dynamical variables g a b, <t> and corresponding conjugate momenta 
7r ab ,p0 respectively. 
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so that the action takes the form 

S = f dtd 3 x(iT ab d t g ab + P4> d t 4> - n a U a - NU' T - AS D ) , 

(2.29) 

where we included the primary constraint £ jj multiplied by the Lagrange multiplier A. 

Now we can proceed to the Hamiltonian analysis of the conformal decomposition of the 
gravitational field given by the action ( |2.29| ) . Clearly we have following primary constraints 

7T/V ~ , TT a « , Z D « , (2.30) 

where nN,ir a are momenta conjugate to N,n a with following non-zero Poisson brackets 

{JV(xW(y)} = <5(x-y) , K(x), 7r 6 (y)} = ^«5(x - y) . (2.31) 

Further, the preservation of the primary constraints njsr,TT a implies following secondary 
ones 

H a rj , H' T rj . (2.32) 

Now we should analyze the requirement of the preservation of the primary constraint X] d 
during the time evolution of the system. First of all the explicit calculations give 

{£ D (x),g afe (y)} = 45 afe (x)(5(x - y) , 
{s D (x),^ b (y)} = -4vr afc (x) ( 5(x-y) , 
{S D (x),0(y)} = -«Kx)£(x-y) , 
{S D (x),p^,(y)} = 0(x)<5(x-y) 

(2.33) 

using the canonical Poisson brackets 

{ 5a6 (x),7r cd (y)} = l -{8 c a 5 d b + 5 d a 5i)5(x - y) , {0(x),^(y)} = *(x - y) . (2.34) 
It turns out that it is useful to introduce the smeared forms of the constraints T-L' T ,T-L a , 

T T (N) = J d 3 xNU' T , T s (N a ) = J d 3 xN a U a , D(M) = J d 3 xA/S D , (2.35) 
where N,N a and M are smooth functions on R 3 . Then using ( p. 33 ) and also 



{S D (x),r^(y)} = 25 c b d ya 5( X - y) + 2S c a d yb S(x - y) - 2g cd (y)d yd 5(x - y)g ab (y) 

(2.36) 

we easily find that 

{D(M),7^(y)}=0. (2.37) 
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To proceed further we use following Poisson brackets 

{T s (N a ),g ab (x)} = -N c d c g ab (x) - d a N c g cb (x) - g ac d b N c (x) , 
{T s (iV a ),7r a6 (x)} = -d c (N c 7r ab )(x)+d c N a ir ( *(x)+7r ac d c N b (x.) 
{T s (iY a )^(x)} = -N a d a ^) , 
{T s (N a ),p^)} = -3 a (iV%)(x) . 



(2.38) 



Then we easily find 

{T s (N a ), s D ( x )} = -iv a a a s D ( x ) - a a iv a s D (x) (2.39) 



that together with ( |2.37| ) implies that S/j ~ is the first class constraint. 

Now we proceed to the analysis of the preservation of the secondary constraints T~L' T ~ 
, lia ~ 0. In case of 1hL a we find following Poisson brackets 

{# (x), U h {y)} = %(x)^(x - y) - U a (y)—5{* - y) (2.40) 

which implies that the smeared form of the diffeomorphism constraints takes the familiar 
form 

|T 5 (iV a ), T 5 (M fc )} = T s (N b d b M a - M h d b N a ) . (2.41) 
Further using fl2.38| ) we easily find 

{T s (N a ),H' T (x)} = -a c iV c ^(x) - N c d c n' T (x) (2.42) 

or equivalently 

{T 5 (iV a ), T T (M)} = T T {N a d a M) . (2.43) 

These results show that % a are the first class constraints. 

Finally we have to calculate the Poisson brackets between Hamiltonian constraints. To 
do this we use the fact that 

{i?(x), n ab (y)} = -iT fe (x)5(x - y) + D a D b 8(x - y) - g ab D c D c d(x - y) . (2.44) 

Then after some lengthy calculations we derive following Poisson bracket 

{T T (A0,T r (M)} = -^T7 / d MdhNM - d h MN)cf>- 5 g hp d p <Pg cd ir cd + 

+ 2 j d 3 x(d d NM - d d MN)<f)- 4 D c ir cd + 

+ 2 J\^l J d3x ( d hNM - d h MN)g hm D m (g cd 7r cd ) . 

(2.45) 

First of all we see that in order to eliminate the last term we have to demand that the 
parameter A is equal to one. In what follows we will then presume that A = 1 keeping 
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in mind that the general case of A 7^ 1 could be useful when we perform the conformal 
decomposition of the metric in case of Hof ava-Lifshitz gravity. For A = 1 we obtain that 
Q2.45 ) can be written as 



{T T (A0,T T (M)} 



T s ((d b MN - d b NM)g ba 4>- i ) + B((d a NM - d a MN)<p- 5 g ab d l 



(2.46) 



This result implies that the Poisson bracket between Hamiltonian constraints vanishes on 
the constraint surface. 

Now we can outline our results. We performed the Hamiltonian analysis of the action 



( 2.29 ) and we identified the first class constraints ttn ~ ,7r a ,7i' T ~ ,H a « 
and T,d ~ 0. On the other hand we have following phase space degrees of freedom 
N,TVN,n a ,7V a , gab,7r and (j),p^. Then using the standard counting of the physical degrees 
of freedom [10| we find that given theory has four physical degrees of freedom which is the 
correct number of the degrees of freedom of the General Relativity. 



3. Fixing Gauge Symmetry rj 

We saw in previous section that conformal decomposition of the gravitational field implies 
an existence of the additional scalar field eft together with the first class constraint Hp « 
that generates the conformal transformation. The simplest way how to fix given symmetry 
is to impose the constraint c/> = which however leads to the standard General Relativity 
Hamiltonian. Clearly this is not very interesting result. For that reason we rather consider 
following form of the gauge fixing function 

<?(x) : ^(x) -1 = 0. (3.1) 

In this case the scalar 4> has the physical meaning as the scale factor of the metric. Now we 
would like to see the consequence of the gauge fixing ( |3.1[ ) for the structure of the theory. 

As the first step we should note that the extended Hamiltonian now contains the 
constraint Q which, in order to fix the gauge has to have non-zero Poisson brackets with 
YiD an d also Q has to be preserved during the time evolution of the system. In fact, we have 
to check that all constraints are now preserved when the extended Hamiltonian contains 
the additional constraint Q ~ 0. Explicitly 

H T = j £*(N'H' T + n a 'H a + v N K N + v a n a + AE^ + rg) . (3.2) 

Then using following Poisson bracket 

{V5(x),vr ab (y)} = ^^(x)^ - y) 

{H' T (y),g(yL)} = K 2 rt c ^ cd (x)<5(x - y) , 

{S D (y), £(x)} = 6^(x)<5(x - y) « 6<5(x - y) = A Sl3 , e (x, y) 

(3.3) 
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we find equations that determine the time evolution of the constraints 



a t g(x) = -{H T ,g(*)} = 

Vk 2 <T W 6a (x) + 6^A(x) - d a N a (x) - d a N a g(x) - N a d a g( x ) ) , 



d t U' T (s) = - {H T ,H' T (yi)} « -J d 3 yT(y) (S(y),?^(x)} = T^^g^^) = , 

d t £ (x) = - {Ht, s d (x)} w - y d 3 y r(y) {S(y), S D (x)} = 6^r(x) = . 

(3.4) 

We see that the last two equations has the solution T = while the first one gives 

NK 2 6- 6 g ab 7r ba 1 n „ , . 

A = \ p- + Tr^d a N a . 3.5 



Inserting (|3,5| ) together with T = into the extended Hamiltonian we find 
H T = [ d 3 x[N 



6^9 



+ V N K N + V°"K a I + 



+ j d 3 *N a (-2g ac V d ir cd - d a [^=H D ] + p^d a <^j = 
= J d 3 -x(Nn T + N a n a + v n tt n + v a 7r a ) . 



(3.6) 



We claim that the Hamiltonian on the reduced phase space is given as the linear com- 
binations of the first class constraints 'H-T^a together with the second class constraints 

Sd, g. 

To see this explicitly we again introduce the smeared form of these constraints 

T T (N) = J d 3 xH T = T T (N) - D (N^—gai^j , 

f s (N a ) = J d 3 xN a H a = T s (N a ) + D (^Ld a N<^J . (3.7) 

Now using the Poisson brackets determined in previous section we see that the Poisson 
brackets between TV,Ts are proportional to the constraints and hence vanish on the 
constraint surface. It is also clear that we have 

{f t(N)Mx)} = > {t 5 (AH,S(x)} = (3.8) 

together with |t t (JV),D(M)} = , |T 5 (iV a ), D(M)} = which show that U T ,Ua are 
the first class constraints. 

As the next step we have to eliminate the second class constraints which can be done 
when we replace the Poisson brackets with corresponding Dirac brackets. Explicitly we 
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find 



{g ab ( X ),n cd (y)} D = [g ab ( X ), n cd (y)} - J dzdz> { 5ab (x), S D (z)} A s - 6 (z, z') {s(z'), 7r cd (y)} 
- J dzdz'{5a 6 (x),a(z)}A^(z,z / ){s D (z / ),7r cd (y)} = 



= + 5 d J c b )5(x - y) - ^ a65 cd (x)<5(x - y) , 



where /\p'^ D is the inverse to A% Dt g with following non-zero components 

A^(x,y) = i<y(x-y) , A E ^ 6 (x, y) = -l«5(x - y) . (3.10) 
fa o 

In the same way we find 

{tt^x), 7r cd (y)} D = 1 (tt'V* - 5 ab vr cd ) (x)<5(x - y) , 

{vr afe (x),^(y)} D = ^%(x)5(x-y) ,{vr a6 (x),^(y)} D = -^ a %(x)<5(x - y) . 

(3.11) 

If we define ir = TT ab g ba we find 

{<7„ 6 (x),7r(y)} D = , {7r ab (x),7r(y)} D = . 

(3.12) 

It turns out that it is useful to introduce the traceless part of the conjugate momentum 

~ab „ab „ab„ ~ab „ n /q i q\ 

Using previous results we derive following Dirac brackets 

{g ab ( X ),r d (y)} D = \{5l5 d + ^)<5(x - y) - ^ a6 <f d (x)<5(x - y) , 
{7f a6 (x),7f cd (y)} D = i (vr a V d -5 a V rf ) (x)<5(x-y) , 

{^(x),^( y )} D = o , {^(x),<Xy)} D = o . 

(3.14) 

We showed that Ht together with % a are the first class constraints. We also identified 
the second class constraints £d,£?. According to the standard analysis of the constraint 
systems these constraints can be solved explicitly. Solving the constraint £o = for tt we 
obtain ir ab g ab = jp^cf) while solving the constraint Q gives yfg = 1. Then the Hamiltonian 
constraint %t takes the form 



(3.9) 



Ut = 2n 2 ^ ab g ac g bd r d - ^cj> 2 R + ^<f>g ab D a D b cf> - 



(3.15) 
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Observe that T~Lt depends on ir ,g ab that have 8 phase space degrees of freedom together 
with ptj,, (p. In the same way we find that T~L a is equal to 

U a = -2g ac V d n cd - ^daM) + p^ . (3.16) 

It is interesting to determine the Dirac bracket between the smeared form of the constraints 
% a and the canonical variables. In fact, since % a are the first class constraints we find that 
the Dirac brackets between them and any phase space variable coincides with corresponding 
Poisson bracket. Then we obtain 

{T s (iV m ), Sa6(x)} D = -N c d c g ab (x) - d a N c g cb (x) - g ac d b N%x) - ^d c N c g ab (x) , 
\f s {N m ), * a6 (x)j = -N c d c K ab {*) + d c N a % cb {x) + n ac d c N b (x) - \d c N c K ab {*) , 
{T 5 (iV m ),0(x)} D = -iV c a c 0(x) - ~a m JV™0(x) , 
{T s (N m ),P4,(x)} D = -N c d cP<j> (x) - ^d c N c p^) . 

(3.17) 

Then after some calculations we find 

{T s (N a ),H T (x)} = -N m d m H T (x) - d m N m H T (x) (3.18) 

which is desired result since it shows that the Hamiltonian constraint transforms as the 
tensor density under spatial diffeomorphism generated by Ts(7V a ). 

Let us outline results derived in this section. We fix of the conformal symmetry by 
imposing the condition ^J~g = 1. Then we find that the dynamical fields <^,P0 together with 
^ ab ^gab where ^fg = 1 and where tt g ba = 0. We also showed that given there are four 
first class constraints T~LT,T~ia- Then we can proceed further and perform the gauge fixing 
of some of these first class constraints. In fact, we can fix the Hamiltonian constraint T~Lt 
in order to eliminate the scalar field degrees of freedom P(f,,4> so that the reduced phase 
space will be governed by g a b^ ab with the three first class constraints 7-L a . Note that due 
to the presence of these constraints the number of physical degrees of freedom is four. 
We mean that the theory formulated with g a b^ ab which is invariant under the spatial 
diffeomorphism could be the starting point for the alternative formulations of theory of 
gravity, see for example [||. 
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